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Abstract—The onset of convection in a horizontal stratified porous layer heated from below is studied

theoretically. The stratification is continuous and periodic, with N/2 periods within the layer. For large

numbers of N the critical Rayleigh number converges towards the limit of homogeneous anisotropy with a
deviation proportional to N ™2,

1. INTRODUCTION

THE PRESENT paper isa contribution to the theory of free
thermal convection in inhomogeneous porous media.
We will first place it in a context of previous work.

Masuoka er al. [1] studied thermal convection in a
porous medium composed of two layers of different
permeabilities or thermal conductivities. Earlier
Gheorghitza [2] had treated this problem for weak
permeability contrast. McKibbin and O’Sullivan [3]
presented a general method of analyzing the onset of
convection in a porous medium composed of discrete,
homogeneous layers. In their second paper [4] they
made a corresponding analysis of the heat transport at
slightly supercritical Rayleigh numbers. Only the cases
of two and three layers were investigated in these
papers. McKibbin and Tyvand [5-7] applied these
methods to thermal convection in multilayered porous
media composed of alternating layers, which are suited
for a comparison with homogeneous anisotropy [8].

McKibbin and Tyvand [5-7] investigated only
configurations with a number of layers of the order of 10
or less, because the treatment of the internal boundary
conditions requires much computer capacity. In the
present paper the corresponding problem of continu-
ous stratification is considered. This is simpler than the
discrete case from a mathematical point of view, as
internal boundary conditions are avoided. Thereby
numbers of strata up to the order of 100 are tractable
numerically. This enables us to perform a thorough
investigation of the asymptotic convergence towards
homogeneous anisotropy. The numerical results are
confirmed by analytical results, where a series
expansion valid for small variations in permeability is
applied.

Amongearlier works on convection in porous media
with continuous permeability variation, we mention
Gheorghitza [2]and Ribando and Torrance [9]. These
authors studied monotonic permeability variations, in
contrast to the periodic variation to be considered here.
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2. MATHEMATICAL FORMULATION

We consider an isotropic porous medium with
permeability K(z) confined between two horizontal
planes z = 0 and h, where z is the vertical coordinate.
Average horizontal and vertical permeabilities are
defined by {10, p. 157]

h
Ky = h"‘j K(z)dz )
o

N h dz ~1
K,= ). 2
(Jo K(Z)) @

We introduce the ratio of effective anisotropy
¢ = Ky/K.. (3)

From Schwartz’ inequality it is readily proved that
& = 1, with the equality sign reserved for the case of
constant permeability. We introduce a notation for the
dimensionless inverse permeability

f(2) = K\/K(z). )

The fluid-filled porous medium is assumed to have a
constant thermal conductivity 4. Its thermal diffus-
ivity is given by [11]

K = Amf(CpP)e &)

where ¢, is the specific heat at constant pressure and p
the density. The subscripts f and m refer to the
saturating fluid and the porous medium (mixture of
solid and fluid), respectively. By choosing

B, (C,phh A Em/h, AT, pv/K, (6)

as units of dimensionless length, time, velocity,
temperature and pressure, we get the dimensionless
equations for buoyancy-driven convection

fi+Vp—R*Tk =0 )
Vev=0 (8)

aT

Ew'w:v% )

valid in the standard Darcy-Boussinesq-approxi-
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NOMENCLATURE
a coefficient in the permeability REm=0)  critical Rayleigh number for
distribution equation (21), parameter homogeneous anisotropy
in the series expansion equation (32) R, .in Rayleigh number at onset of
C factor of proportionality in equation convection, given by d(R_.)/dL = 0
(30) T dimensionless temperature
p specific heat at constant pressure AT temperature difference between lower
D d/dz and upper boundary
E relative difference between numerical t dimensionless time
and analytical results for R, v dimensionless velocity
f dimensionless inverse permeability, w z-dependent part of w
K,/K(2) w dimensionless vertical velocity, v-k
g acceleration of gravity x,y,z  Cartesian coordinaies.
h depth of porous medium
K(z) permeability distributions
K, K, permeabilities of the two layers in the Greek symbols
discrete model [5-7] o dimensionless overall wave number,
Ky, K, effective horizontal and vertical (k* + 1312
permeabilities B layering parameter in the discrete
k vertical unit vector model [5-7], K,/K,
k1 dimensionless wave numbers ¥y coefficient of volume expansion
L dimensionless cell width, z/a (0] z-dependent part of §
L, preferred cell width, giving R = R, ;s 0 dimensionless temperature
L&) preferred cell width for homogeneous perturbation
anisotropy, &1/* Km thermal diffusivity of saturated porous
N number of layers in the discrete model medium
[5-7], here twice the number of A thermal conductivity of the saturated
periods in the permeability porous medium
distribution v kinematic viscosity
p pressure ¢ anisotropy parameter, Ky/K,
R* Rayleigh number, K gyhAT/(k V) {lrume)  anisotropy parameter for a truncation
R redefined Rayleigh number, R*/(4n2) of Fourier series equation (20)
R, critical Rayleigh number, given by p density
c=0 o growth rate.

mation. The Rayleigh number R* is defined by
K.gyhAT

KmV

R* = (10
The layer is heated from below with a temperature
difference AT between the boundaries. The dimen-
sionless temperature field is written

T =Ty /AT—z40 (11

where 6 denotes the deviation from the conduction
solution. The requirements of impermeable, perfectly
conducting boundaries may then be expressed as

w=0=0 at z=0,1. (12)

The convective term in the energy equation (9) is
linearized, and a horizontal Fourier component is
considered

w = W(z)exp [i(kx +1y)+ot] (13)
0 = 0(z) exp [i(kx +ly) + at]. (14)

From equations (9}11) we then get
SIDP—aHW +f DW= —a’R*® (15)

W= (c—D?+o¢*)® (16)
with boundary conditions
W=0=0, z=0,L (17)

In equations (15) and (16) we have introduced the
notation

D =d/dz (18)

and the overall wave number

o= (k*+ 112, (19)

The eigenvalue problem, equations (15}{17) is
solved numerically by the shootingmethod [ 12, p. 142].
For given o and R*, the eigenvalue o may be found by
one integration from z = 0 to 1. The boundary value
problem, equations (15)17), is self-adjoint [ 13, p. 53].
Then gisrealand marginal stabilityis givenbyo = 0. A
Newton-Raphson iteration procedure determines the
value of R* giving ¢ = 0 for each chosen value of a. By
putting ¢ = 0, R* may be considered as eigenvalue in
the problem. We will find only the solution with the
lowest eigenvalue for R,* being the physically preferred
solution. This is achieved by starting the iteration with
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values of R* close to the lowest eigenvalue for
homogeneous anisotropy.

In their first study, McKibbin and Tyvand [5]
concentrated on N alfernating layers of equal
thicknesses and permeabilities K, and SK;. The
Fourier series of that distribution is {with respect to
inverse permeability)

Ki'+BK7!

2 1 1y o
—(K{'—BK|
5 +1r( 1 —BK] )"gl

sin(2n—1)Nnz
X.——__...—__-..

2n—1 (20)

This series converges slowly and is not suited as a direct
representation of the discrete model.

In the present paper we consider a continuous
periodic permeability distribution given by

f=1+asinNzz. 2n

This corresponds to truncating the series in equation
(20) after one term only. The number of periods of
permeability variation is N/2. We consider only even
numbers for N, so that only complete periods are
present within the boundaries. Then the effective
anisotropy parameter attached to the permeability

distribution, equation (21), is
E=(1—a*)~ 12 (22)

The effective anisotropy parameter for the discrete
model of McKibbin and Tyvand [5], represented here
by the full Fourier series, equation (20), is

E=2(1+B)(L+71). (23)
By interpreting equation (21) as a truncation of
equation (20) we determine a value for ¢

a=-=—*f 49

Through equation (20) this gives an effective anisotropy
parameter for the truncated Fourier series

trunc) _ 16(1—p*\ '
e = (1= Eiae)

In Fig. 1 the anisotropy parameters £ and £ are

(25)

4

g'g(trunc)

10

FiG. 1. Effective anisotropy ¢ as a function of the layering

parameter § given by equation (23). — — —, £ given by

equation (25): —-—, asymptotes for £, given by § = 0.120
and 8.32.
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displayed as functions of §. The curves are symmetric
about f =1 in the log-log diagram. We have two
intersection points given by f = 0.24 and 4.2, where
& = £n9) — 1,609, In the regions 0.24 < <1 and
1 < B <42 we find that & js slightly below &
Outside these regions £ may become much larger
than ¢ There are vertical asymptotes for &0 gt
B = 0.120 and B, = 8.32. £ does not exist for
B < Buin OF B> B This is because the one-term
truncation of the Fourier series, equation (20) is
meaningless when it corresponds to regions of negative
permeability. At f = f,.. and 8., the value of £ is
2.606. Accordingly, a representation of a given discrete
fayering by a one-term truncation of its Fourier series is
relevant only for small effective anisotropy.

As a supplement to the numerical computations, we
will also give analytical results in terms of series
expansions with respect to the parameter a introduced
in equation {21). These results are valid only for small
values of a, i.e. for £ of the order of one, cf. equation (22).
Equation (22) may be expanded in powers of a

1, 13, 1-3:5
df—l+—a + —a +ma

&
+ -
2 2-4
relevant to the discussion in Section 4.

(26)

3. NUMERICAL RESULTS

In the presentation of the resuits we will apply a
Rayleigh number R defined by
R*
R=— 27
4r? @
so that the onset of convection in the classical Lapwood
problem [14, 15] occurs for R = 1. We will investigate
the critical Rayleigh number R, at marginal stability
(o = 0) as a function of the dimensionless cell width
L(= n/a).
From Kvernvold and Tyvand [8] we quote the
critical Rayleigh number for a layer with homogeneous
anisotropic permeability

(Ca? + )& +7?) _ (E+1H1+ D)

R = e 4cr @)
with a minimum value
RO = 41457122 (29)
corresponding to the preferred cell width
Lm0 — gu4 (30)

InFig. 2some numerical results for R, as a function of
Lare displayed. Figures 2(a)}{c) represent & = 2.294,
7.089 and 25.005, respectively. These figures show a
convergence towards homogeneous anisotropy as N
increases.

Above we have linked the comparison with the
discrete model [5-7] to a truncation of its Fourier
series. However, one might argue that a better way of
comparison is by equal values of & To compare with the
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F1G. 2. Variation of critical Rayleigh number R, with cell width Lfor N = 2, 4, 6, 8, 10 and for an equivalent
homogeneous anisotropic layer: (a) a = 09, & = 2.294; (b) a = 0.99,{ = 7.089; () a = 0.9992, & = 25.005.
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present Figs. 2(a) and (c) we then have Figs. 1 and 3 in
refs. [5].

Characteristic for the discrete models in refs. [5, 6]
where the thinner layer is not the more permeable one,
is the possibility of local convection. Local convection
takes place when alocal Rayleigh number (with respect
to a single layer) reaches its critical value before the
whole layered system becomes unstable to large-scale
disturbances. Local convection mainly consists of
recirculations within single layers. It is characterized
both by a small preferred cell width (L. < 1) and a
corresponding critical Rayleigh number below the
value for homogeneous anisotropy.

In the case of a very permeable thinner layer [7] no
local convection is found. The preferred cell width is
always relatively large (L, > 1) and the critical
Rayleigh number is mostly above the value for
homogeneous anisotropy.

Also in the present continuous model truly local
convection is absent. Only for N = 2 we find a small
preferred cell width (L, < 1). But the corresponding
critical Rayleigh numbers are always above the values
for homogeneous anisotropy. One reason for the
absence of local convection is that there is no clear
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notion of individual layers to confine a recirculation.
Due to continuity there is always a strong interaction
between active regions of high permeability, trans-
mitted through passive regions of low permeability.
Therefore, the tendency towards square cells within the
active region(s) [4, 6] may cause small critical cell
widths for N = 2 only. Returning to the Fourier series,
equation (20), we have now found that a one-term
truncation has a significant physical effect ; to remove
the possibility of local convection.

The deviation of R from homogeneous anisotropyis
much less dependent on & than in the discrete case. This
is related to the fact that local convection is absent, and
will be discussed further in connection with Fig. 3
below.

The preferred cell width L, giving minimum value
R, min at marginal stability has been investigated. Some
of the results are shown in Table 1. For N = 2 it differs
much from L"*%) and this case is not included in the
table. But already for N = 4, L_ is relatively close to
L&) For N 2z 6 no difference between R (L&) and
R min are detectable within our accuracy of
computation.

In Fig. 3 the convergence of R, towards R®"s is

100—=2
— 10" 8
[o]
@
g 8
L s
o 8
1 .
& 45 .
g o]
163 %
=4
10
100 10’ 102

(b)

Fic. 3. Numerical data series for R, — R®**” as functions of N. x, & = 2.294; O, ¢ = 7.089; O, & = 25.005;
A coinciding circle and square. (a) L = LE"9; (b) L = 1.7 L@nis),
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Table 1. Some results for the critical cell width L, the

corresponding Rayleigh number R, ., and the value of R,

corresponding to critical cell width for homogeneous
anisotropy

N
N 4 6 8 10

& = 2294, [#niso) = 1 23]

L, 1207 1225 1228 1.230

R min 07416 07160 07049  0.6993

R {L@nison) 07418 07160  0.7049  0.6993
& = 25.005, LEs) — 2236

L, 2206 2235

Ry min 04477  0.3986

R (L@niso)) 04478  0.3986

displayed in a log—log diagram. For different values for
N, the deviation R, — R®"*% is marked. For ¢ the three
values 2.294, 7.089 and 25.005 are chosen.

In Fig, 3(a) we have chosen the cell width L = L&),
Only for N =2 this causes a significant difference
between R, and R, ., So for N >4 the points
represent the onset of convection given by R ;.. Each
of the three series of numerical data has a slope with
angle coefficient very close to —2, except for some
‘stochastic’ deviations present for N > 60. These are
due toinadequate convergence of the shooting method,
and are very sensitive to the way the Newton-Raphson
iteration is terminated.

In Fig. 3(b) similar results are shown for
L= 171" The error tolerance applied in the
shooting method is larger here than in Fig. 3(a).
Therefore, results are displayed only up to N = 40. The
same angle coefficient —2 for the numerical data is
found here.

We conclude that for N > 1 we have with good
accuracy

R _R(aniso) — C
c <

N? (31)

where the factor of proportionality C is a function of L
and of & (or a). The é-dependence is only slight for large
values of &. It is more pronounced for small values of £,
see equation (36).

The asymptotic power law, equation (31),is not likely
to be significantly dependent on our choice of K(z) and
probably applies to discrete layering [5—7] as well. The
results for large-scale convection in those papers are
compatible with this conjecture. An odd power
dependence of N is prohibited both in the discrete and
continuous models, because the physical problem is

conserved under the transformation
N> —N 32)

provided N is an even number.

4. ANALYTICAL RESULTS

When a is relatively small, the eigenvalue problem,
equations (15)(17) may be expanded in powers of a.

KseLL M. GJErDE and PEDER A. TYVAND

Hereby we write

W= Y aW)
n=0

(33)

Bz) = Y a"®,z).
n=0
The physical problem is conserved under the
transformation

(34)

a— —a

implying that only even powers of a are represented in
the expansions.

For N > 4 the critical Rayleigh number is found to
be

R 4ol oc2+1 a2+ a® o? 3 o?
°T 42 |n? 2 2N?*n? n?

+0(a*>, N~ %+ 0(a*,N°). (35)

From a physical point of view it is clear that the sum of
alltermsindependent of N in the series expansions must
correspond to homogeneous anisotropy. The terms
independent of N in the complete expansion for R, will
then have as their sum R given by equation (28). By
adding these terms to the expression, equation (35), we
find the improved result

R _7t2+oz2 rx2+é_1+ a® o 3 a?
©T 492 |a? 2N? 2 n?

+0(a*, N~ )+ 0(a*, N~ ).

(36)

In equation (35) the first two terms in the expansion for
&1 were included, cf. equation (26).

From equation (36) it is clear that the factor of
proportionality C defined in equation (31) is a
quadratic function of a for weak effective anisotropy
(a « 1).Byequation(22) we find that Cis then afactor of
order 1 times 1 — ¢~ 2, in good accordance with Fig. 3.

A minimization ofequation (36) with respect to « may
produce the Rayleigh number at onset of convection.
More interesting is the result for the corresponding
preferred cell width L. Its deviation from homoge-
neous anisotropy is given by
Lc _Lf:aniso) = _L f_li

6 N7 TN +0W@N ),

(37)

In Table 2 a quantitative comparison between
numerical and analytical results is performed. This

Table 2. Comparison between numerical and analytical results
for the critical Rayleigh number at L = L&

a 0.2 0.4 0.8 0.9 0.99
14 005 109 167 229 7.09
005 025 208 380 956 (N=4)
E 004 020 132 223 500 (N=¢6)
003 013 083 136 290 (N=28)
(numerical) __ p(analytical)
Note: E= R. R x 100%, where

R(numerical)

(4
R@enalytical) jg given by equation (36).
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gives us some idea of the validity of the series expansion
equation (33). All results are given for L = L& The
symbol E denotes the relative amount by which the
numerical results for R, exceed the analytical result,
equation (36). We conclude that the series expansions
are useful at least in the interval 0 < a < 0.8.

5. SUMMARY

A numerical and analytical study of the marginal
stability in a horizontal porous layer heated from below
has been performed. The porous medium s periodically
stratified, with a sinusoidal variation of the inverse
permeability. The basic difference from the correspond-
ing problem of discrete layeringis that local convection
never occurs in our model. We have found power laws
for the deviation from homogeneous anisotropy with
respect to critical Rayleigh number and preferred cell
width. Good agreement between numerical and
analytical results has been found.
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CONVECTION THERMIQUE DANS UN MILIEU POREUX AVEC UNE STRATIFICATION
PERIODIQUE CONTINUE

Résumé — L’apparition de la convection dans une couche poreuse horizontale, stratifiée, chauffée par dessous

est étudiée théoriquement. La stratification est continue et périodique avec N/2 périodes dans épaisseur. Pour

les grands nombres de N, le nombre de Rayleigh converge jusqu’a la limite d’une anisotropie homogéne avec
une déviation proportionnelle 3 N 2,

NATURLICHE KONVEKTION IN EINEM POROSEN MEDIUM MIT KONTINUIERLICHER
PERIODISCHER SCHICHTUNG

Zusammenfassung—Das Einsetzen der Konvektion in einer horizontalen, porésen Schicht, die von unten

beheizt ist, wird theoretisch untersucht. Die Schichtung ist kontinuierlich und periodisch, wobei auf die

untersuchte Schicht N/2 Perioden entfallen. Fiir groBe N nihert sich die kritische Rayleigh-Zahl der Grenze
der homogenen Anisotropie, und zwar mit einer Abweichung, die proportional zu N =2 ist.

TEMNJIOBASA KOHBEKLIAS B NMOPUCTON CPEJE C HEMPEPLIBHOM
NEPUOANYECKON CTPATUOUKALIMEN

AnnoTaima—TeopeTHYECKH HCCNENYyeTCs BOIHMKHOBEHHE KOHBEKLMHM B TI'ODH3OHTAJbHOM CTpaTH-

(MUMPOBAHHOM MOPHCTOM HArpPEBaEMOM CHH3Y CJIO€, B KOTOPOM HENPEPHIBHO H MEPHOOMYECKH C

nepuoaoM N/2 npoucxoauT cTpaTHHKanus. [TpH GONMbIIMX 3HAYEHHAX YKCAA N KPHTHYECKOE MHCIIO

Panes cTpeMHMTCA K npenenbHOMY 3HAYEHHIO, COOTBETCTBYIOLIEMY OHOPOAHON AHH3OTPONHOCTH,
€ OTKJIOHEHHEM, NPONOPUHOHATLHEIM N~ 2,



